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[ Chapter three J

Partial Derivatives

Function of two or more variables:
Suppose D is a set of n — tuples of real numbers:
()C1 J, 0 JO ) x,,)

A real - valued function fon D is a rule that assigns a unique (single) real
number:

w=f(x1, X2, ...... , Xp)
To each element in D . The set D is the function's domain. The set of w —
values taken on by f is the function's range. The symbol w is the
dependent variable of /', and f is said to be a function of the »
independent variables x; to x,,.

In the function ¥ = z*h , the dependent variable is ¥, the independent
variables are r and 4.

Example: Find value f(x,y,z)= \/x2 +y* +z* at the point (3,0,4):
Solution:

£(3,04)=1/(3)2 +(0)> +(4)> =49+ 0+16 =25 =5

Limit of a function of two variables:
We say that a function f(x,y) approaches the limit L as (x, y)

approaches (x,,y,), and write:
lim f(xy)=L

(x,y)=>(x,,5,)

If for every number € > 0, there exists a corresponding number § > 0 such
that for all (x, y) in the domain of f | f(x,y)— L| < € whenever

0<(x—x,) +(y—v,)° <6
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Properties of limits of functions of two variables:
The following rules hold if L, M, k are real numbers and:

lim f(x,y)=L and lim g y)=M

(x,y)—=>(x,,v,) (x,y)—=>(x,.y,)

=

lim (f(y)+gxy)=L+M

(x,y)—>(x,,v,)

2. lim (f(xy)-gxy)=L-M

(x,y)—(x,,y,)

3. lim (f(xp)gxy)=LM
2,)

(x,y)—>(x,,)

4. lim (K (x,y)) =kL (any number of k)
(x,y)—>(x,.»,)
x) L
S. lim Sy _ L M #0

(x,0)=>(x,,»,) g(x, }') M

6. lim (f(x,»))" ' =L"" (where rand sare integers and s # 0 )

(x,y)—>(x,,v,))

Example: find the limit of the following:

—-xy+3
1L lim ——=2 2. lim x4+
(x.) =0 Xy +5xy—y3 (x,7)—>(3,~4)
2 2 2
3. lim —L 4 lim SO
(x,)—(0,0) ‘/; - \/; (x,»)—>(L1) X—Y
2 2
. X —
S. lim 4

(e, ->QDn X—Y
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Solution:
) x—xy+3 0—-0)1)+3 3
1. lim = =

oy v+ 50— 33 (02()+50)1)—(1)° 0+0-1

2. lim X+ =403) +(—4)> =9+16 =25 =5

(x,y)=>(3,-4)

3 g S @ mw) (rey)
G000 VY =Y 0.0 (WX =/y) Wx +4)

€ e DG LR
(60,0 (Vx =) (Wx +4/y)

B €5 ) CERRED
(x,y)—)(0,0)X—I‘\/;\/;_\/;\/;_y

o M)
(x,)—>(0,0) (x=p)

= lim x~x++)=0-0+~0)=0

(x,)—>(0,0)
2 2 2
) x°=2xy+ ) X — )
4.  lim YTy - lim Gy lim (x—y)=1-1=0
(x,y)—>(,1) X=Yy (x,y)=>11H X—Y (x,y)—>(1,1)
s o Xy (=)
- lim = lim

x)—>L) X=Y (o) (x=)

= lim (+y)=>0+1)=2
(x.)> (L)
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Partial Derivatives:
Partial derivatives are the derivatives we get when we hold constant all but

one of the independent variable in a function and differentiate with respect
to that one.

Partial derivatives of a function of two variables:

The partial derivative of f(x,y) with respect to x at the point (x,,y,) 1s:
af . tf‘('x;) + /73 .,v() ) - f(“x;) 2 }"U )
~ =lim /
cX (x.0) h—0 1
Provided the limit exists
The partial derivative of f(x,y) with respect to yat the point (x,,y,) 1s:
af. d ' . .f‘(x() 3 y{‘) + h) B .f‘('/ 0° .]",())
= f(x.») =lim
oyl dy _ h—0 h
< x,,p,) v Y=
Provided the limit exists
o - _d
f\:a—\f 'f-l":"h
Ox ) oy
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Example: Find the values of A and g at the point (4,-5) if:

ox oy
f,y)=x"+3xy+y-1
Solution:
To find Zl , we treat y as a constant and differentiate with respect to x :
X
o 0

= — (X" +3xy+y—-D=2x+3y+0-0=| 2x+3y
ox Ox ry

*. The value of Zi at (4,-5) is:
X

=(2)(4) +3(-5)=8-15=-7

To find Zl , we treat x as a constant and differentiate with respect to y:
Y
ai=£(x2 +3xy+y-1)=0+3x+1-0=| 3x+1
d Oy

. The value of g at (4,-5) is:
Oy

=) +1=12+1=13

Example: Find the values of 21 if f(x,y)= ysinxy
Y

Solution: we treat x as a constant and f'as a product of y and sin xy

of

i( sin xy) = isinx + (sinx )i( )
oy~ 5y SIW) =y siny MoV

0 )
= ycosxy—(xy)+sin xy
Oy

= Xy COS Xy + sin xy
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2
Example: Find f, and f, if f(x,y)= A
y+cosx

Solution:
We treat f as a quotient with y held constant, we get:

a( 2y j_(y+003x)aax(z)’)—z)/a@x(y+cosx)

* 7 o ¥ +cosx (y + cos x)*

_ (p+cosx)(0)—2y(-sinx)  2ysinx

(y+cosx)2 (y+cosx)2

with x held constant, we get:

Jy

0 0
8( 2 j:(y+cosx)8y(2)/)—2yay(y+cosx)

_5 y+cosx (y + cos x)*

_(ytceosx)(2)-2y(1) 2y+2cosx—2y
(y + cos x)? (y + cos x)*

2COoS X

- (y +cosx)*

Example: Find g and g if /(x,y)=02x-3y)’
ox oy

Solution:

I_9 2x—3y)’ =3(2x—3»)*(2) =| 6(2x-3y)’
ox Ox

of 0

—(2x-3y)’ =3(2x=3y)*(-3) =| -9(2x-3y)’
dy Oy
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H.W: Find @ and g for the functions:

ox oy
L f(x,y)=(xy-1)° 2. f(x,y)=x"—xp+)°
3. f(60) = =1)(y+2) 4 f(x,)=———s
(x"+y7)

functions of more than two variables:

The definitions of the partial derivatives of functions of more than two
independent variables are like the definitions for functions of two
variables. They are ordinary derivatives with respect to one variable, taken
while the other independent variables are held constant.

Example: Find Zi if f(x,y,z)=xsin(y +3z)
Z
Solution:
9 = g[xsin(y + 32)] = xgsin(y +32)
Oz Oz oz

= xcos(y +3z)i(y +32)
0z

= xcos(y +3z)(3) =3xcos(y +3z)

Example: Find f,, f and f, if f(x,y,z2)=xy+yz+xz

Solution:

I =i(xy+yz+xz)=y+z
ox

Sy =£(xy+yz+xz)=x+z
Oy

f, :g(xy+yz+xz)=y+x
0z
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H.W:Find f, f and f, if £(x,y,2)=x—+y>+2°

Second — order partial derivatives:
When we differential a function f(x,y) twice, we produce its second —

order derivative. These derivatives are usually denoted by:

o'f  o(of
~ . Al Aa. :fn
oxody  ox\ 0
A2 £ N AF
Oyox Oy \ Ox v
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2 2 2 2
Of S O g &S

Example: If f(x, =x2y +x* , find , —
ple: It f(x.y)=x'y"+ 27y o2 B oty | oyox

Solution:
Zl = ai()czy3 + x4y) = 2xy3 + 4)(3}-’
x  Ox
0 %) S, ,
é — 5(x2y3 + x4y) =| 3x*y” +x*
2
% ) %[8_9 ) %Qxf +4xy) =2y +12x%y
o°f 0(0 0
o 5(_]3 ) 5(3x2y2 +xt)=6x"y
2
E?xﬁj; } %(% B %(3)62)’2 +x*) = 6xy® +4x°
2
Syaj; = %(% = %(2)@/3 +4x7y) = 6xy* +4x°
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Example: Find f , f, , f, and f_ if f(x,y)=xcosy+ ye'
Solution:

of O x .
g _ —(xcosy+ye’)=| cosy+ ye"
Ox Ox

of 0O X ,
éza(XCOS)H‘J’e )=| —xsiny+e’

82 5 5 a X X
fo :—];:_(ij:a(cosy+ye )= ye

x”  Ox\Ox

2
fyy—a—j::g[gj:i(—xsiny+ex)=—xcosy

yo o y\y)

(cosy+ye')=—siny+e”

2
fyx = 0 f :i[gjza_i(—XSiny+ex):—siny+ex

HW:Find f,. , f, . f,aond £ 0f f(x,y)=x+y+xp

Partial derivatives of higher order:

Although we will deal mostly with first and second — order partial
derivatives, because these appear the most frequently in applications, there
is no theoretical limit to how many times we can differentiate a function as

long as the derivatives involved exist. Thus, we get third and fourth — order
derivatives by symbols like

of 7
axay2 - Jyx
o'f
8x26y2 _fyyxx
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The chain Rule for functions of two variables:

The chain rule formula for function w= f(x,y) when x=ux(t) and

y = y(t) are both differentiable functions of ¢ is given in the following
theorem.

If w= f(x, y) has continuous partial derivatives f, and f, and if
x=x(t), y = y(t) are differentiable functions of ¢, then the

composite w= f(x(¢), y(y)) is a differentiable function of #and

df

= L@, yO) X (@) + £, (x(0), y().-'(0)
or

dw _of dx of dy

dt  oxdt oy drt

w= f(x,y) Dependent variable

Yy Intermediate variable

Independent variable

dw_owds  owdy
dt oxdt Oy dt
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Example: Use the chain rule to find the derivative of w = xy with respect
to t along the path x =cos?, y =sin¢ . what is the derivatives

T
value at t = —
2

Solution: we apply the chain rule to find CCZZ—V; as follows:

aw _owdx owdy
dt oOx dt Oy dt

o) d
ox dt

= (y)(—sin¢)+ (x)(cos?)
= (sint)(—sint) + (cost)(cos?)

oxy) d .
2 (sint)

(cost)+

— —sin’t+cos’t

= cos 2t

In this example, we can check the result with a more direct calculation. As
a function of ¢

: I .
w=Xy =costsint zasm2t
So

@ :i(%sin%) =%.2C082t = Ccos 2t

dt dt

At the given value of ¢

(d_w) = cos(2.£) =cosw=-1
dt ),_7 2
2
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Example: Use the chain rule to find the derivative of w= x* + y* with

dw . :
respect to ¢ k with x =cos?, y =sint

Solution: we apply the chain rule to find dw as follows:

dt
dw _owdx _owdy
dt Ox dt Oy dt

0, 2 2.d 0 , ».d .
= 2 (22 + %) (cost) + — (x> + y?).—(sint
. (x*+y7) » (cost) o (x*+y7) » (sin?)

= (2x)(—sint) + (2y)(cost)
= (2cost)(—sint)+ (2sint)(cost)

=-2costsint +2sintcost
=0

For check:

w=x"+y* =cos’t+sin’r =1

dw

. —=0
dt

H.W: Use the chain rule to find the derivative of w=x* + y* with

dw : : :
respect to ¢ T , With x = cos? +sint, y =cost—sint
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The chain rule for function of three variables:
If w= f(x,y,z) is differentiable and x , y and z are differentiable function

of ¢, then w is a differentiable function of 7 and:

dw_of dv O dy  Of e

dt oxdt 0Oydt 0Oz dt

w= f(x,v,z)  Dependent variable

z intermediate variable

Independent variable

dw_owdx owdy Owdz
dt  oxdt oy dt oz dt
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Example: Use the chain rule to find the derivative (ac’z’_v:j of w=xy+z

: : : dw
with x =cos?, y =sint, z =t , and determine the value of (7j
t

at r=0
Solution:
dw_owds dwdy  owds
dt oxdt O0Oydt Oz dt

= %(xy + Z).%(COS )+ %(xy + Z).%(sin )+ %(xy + z).%(t)

= (y)(—sint)+ (x)(cost)+ (1)(1)

= (sint)(—sint) + (cost)(cost) +1
=—sin’t+cos’t+1

=cos2t+1

(d_wj =cos(0)+1=2
dt ),

H.W: Use the chain rule to find the derivative (%) of w= il + 2
zZ 4

. : 1 : dw
with x = cos’ ¢, y= sin¢, z=-, and determine the value of (—j
t t

atr=3
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functions defined on surface
If we are interested in the temperature w= f(x, y, z) at points (x, y,z) on a
globe in space, we might prefer to think of x , y , and z as functions of the
variables r and s that give the points longitudes and latitudes.
If x=g(r,s), y=h(r,s) , and z=k(r,s) we could then express the
temperature as a function of » and s with the composite function.
w= f(g(r,s),h(r,s),k(r,s))

Under the right conditions, w would have partial derivatives with respect to
both » and s that could be calculated in the following way:

Chain rule for two independent variables and three intermediate variables:
Suppose that w= f(x,v,z) , x=g(r,s) , y=h(r,s) and z =k(r,s). Ifall
four functions are differentiable, the whas partial derivatives with respect to r

and s given by the formulas:
ow oOwox oOwody Ow o0z

or oOx or 0Oy or 0z or

ow  Ow Ox N owdy Ow 0z

os Ox ds 0Oy ds 0Oz Os

w=f(x,y,z) w=f(x,»,2)

2 i, TN o T Sy A, Dy A = T i Av har Aho o, S, TN
; ow CW CX oW C) oW OZ on OW OX oW ) oW OZ
w= f(g(r,s),h(r,s),k(r.s)) A R o A i AR T ATttt

' ~ A A AL A A A Ao Ay Ao A Ac
or coxX or oy cor oz or CS COX OS5 oy oS czZ 08
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If f1s a function two variables instead of three, the equations becomes:

Ifw=f(x,y), x=g(r,s) and y=h(r,s), then

ow  Ow Ox N ow Oy

-

or Ox or 0y or

and

0s Ox Os Oy Os

ow  Ow Ox N ow Oy

If f is a function of x alone, the equations becomes:

Ifw=f(x), x=g(r,s) ,then

ow dw Ox

or dx or

and
ow  dw ox
T A
Os  dx Os
w= f(x) w= f(x,y)
®
dw
dx

ow dw Ox r
or dx or
ow dw Ox

ow_owox  owdy
or Ox oOr Oy or

os dx Os
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Example: find ow and ow in term of » and s if:
or 0s
r

w:x+2y+z2 , X= , y=r2+lns , Z=2r

Solution:
ow_owodx owdy Owlz
or Oxor Oyor 0Oz or

. (D@ Q2N +(22)2)
= l +4r+(4r)(2)
S

=l+4r+8r
s

=l+12r
s

Ow_owox Owdy owoz
Oos OxO0s Oy Os Oz Os

. (D(— %) @G +2)0)
S S

r
__2_|_
S

%+O:E—L2
S S A
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Example: find Z_W and g_w in term of » and s if;
r s

w:x2+y2 , X=r—s ,y=r+s

Solution:

ow_owox Owdy

or Ox or Oy or
=(2x))+2»[D)
=2x+2y
=2(r—s)+2(r+s)
=2r—2s+2r+2s
=4y

ow_owdx  owdy

O0s Ox Os Oy Os
=(2x)=D+2y)[1D)
=-2x+2y
==2(r—s)+2(r+s)

=-2r+2s+2r+2s

=4s
0z oz X i
H.W: find — and — as functions of # and v if:
ou ov

z=4e*Iny , x=In(ucosv) , y=usinv
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Directional derivatives and gradient vectors:
Suppose that the function f'(x,y) is defined throughout a region R in the
xy — plane, that P (x,,y,) is a point in R and that u =u;i+u,j is a unit
vector. Thus the equations:

X=x,+su;, , y=y,+su,
Parameterize the line through P, parallel to u. if the parameter s measures
arc length from P, in the direction of u , we find the rate of change of f

P, in the direction of u by calculating Z’_f at P, at
s

Line x = xq + 51,y = ¥y + Sii5

.

u =i+ u,j 7\

/// Direction of
// increasing s

The derivative of fat P (x,,y,) in the direction of the unit

vector u =u,i +u,j 1s the number

[ﬁj g SO sty s) = (3, 3,)
ds u, P,

s—0 A)

The directional derivative is also denoted by:

(D,f)p ===> "the derivative of fat P, in the direction of u"
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Example: find the derivative of f(x,y)=x" +xy at P (1,2) in the

direction of the unit vector u = (L)z + (Lj '
2) )

Solution:
(ﬂ) zlimf(xo+su17y0+Su2)_f(xoayo)
ds ), p 50 s
1 1
I1+S.—=2+s5s.—=)— (1,2
=1imf( 7 Sﬁ) f(1,2)
s—0 S
(1+Sj2+(1+3](2+sj - + M)
) Uty
sl—I}(} S
25  s° s 25 82
It =t | 24 =+ =+ |- (1+2
_.[+ﬁ+2]+£+ﬁ+ﬁ+2}(+)
- lim s
2s 52 35 s°
1 2 — =3
N ( 2 2]( 7' ]
- lim s
.20 S
\2 V2

_1' 2 _1' —1’ (i+s)—[i+0j—i
sl—I;rO1 S sl—I>I(} S 31—13(} \/5 \/5 \/E
The rate of change of f(x,y)=x>+xy at P (1,2) in the direction

({3
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Gradient vector:

The gradient vector (gradient) of f(x,y,z) atapomt P (x,,v,,z,) 1S
the vector:

Vf=(;if+gj+ik

ox Oy 0z

obtained by evaluating the partial derivatives of f at P,

The notation Vf is read ( grad /') as well as ( gradient /) and ( del /).
The symbol V by itself is read (del)

The directional derivatives

If f(x,y,z) has continuous partial derivatives at P (x,,v,,z,) and uis
a unit vector, then the derivative of fat P, in the direction of u is:

-
[ijp =(Vf)p u

Which is the scalar product of the gradient of £ at P,and u
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Example: find the derivative of f(x,y,z)=x" —xy* —z at P (1,1,0)
in the direction of vector 4 =2i -3+ 6k

Solution:

4 =J(2)> +(=3)2 +(6)> =/4+9+36 =/49 =7

A 2i-3j+6k 2. 3. 6
U=—= =—i——j+=k
4 7 7777

The partial derivatives of fat P, are

O _ 0 5 o
fx_@x_ﬁx(x W -2)=

L fLLO) =D - =3-1=] ;

2 2
3" =y

_gzi 3 i) =] —2xy
fy—ay ay(x xy© —2z) )
S AL =-(2)DHD) =| -2

0
fZZZ—]Zp:E(f—XyZ—Z): ~1
f-@LO) =] -1

The gradient of f'at P, is:
Vo) = Fe@LO) + £,(LLO)j + £.(LLOVE =2i =2/ —k

The derivative of fat P, in the direction 4 is therefore:

(Duf)|(1,l,0) - Vf|(1,1”0) M

2 3. 6
—(2i=2i-k)] Zi-Zj+—k
(2i-2j )(71 =) 7)

2 3 61_4,06_6_
-ef3)re2(-3)rrf3)-5+5-1
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Example: find the derivative of f(x, y) = xe” + cos(xy) at the point
(2,0) in the direction of v=3i—4;

Solution: the direction of v 1s the unit vector obtained by dividing v by its

length:
.
u=—
"
M=40)* +(~4)> =9+16 =425 =5
3i-4j 3. 4.
u= ==i——]
S 5 5
f. = gl = 62 (xe” +cos(xy)) =| e’ — ysin(xy)
x  Ox

5 £.(2,0) =€’ —(0)sin(2)(0)) =e® —0 =/ |

fy = g = i(xey + cos(xy)) =| xe’ —xsin(xy)
oy oy -

o £,(2,0) = (2)(e”) = (2)sin(2)(0)) = 2¢" = (2)(0) = (2)() -0 =[ 2

The gradient of fat (2, 0) is:
i o0 = fx20)i+ f,(2,0)j =i+2)

The derivative of fat (2, 0) in the direction v is therefore:

(Duf)|(2,0) - Vf|(2,0) U

:(i+2j).@i—fj)

5
3 4
= (l)(gj + (2)(— E)
_3_ 8_5_
55 5 L
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Example: find the derivative of function f(x, y) = 2xy—3y? at the point

P, (5, 5) in the direction of 4 =4i+3;

Solution:
A
U=—
4
4] =4 +(3)* =416+9 =25 =5
4i+3; 4. 3.
u= =—i+—]
5 5 5
o 0 ) 2y
S . ax( xy—=3y7)
s (55 =(2)5) =] 10
of 0 2 )
= — 2 —3 e 2.)t—6}"
Sy o ay( xy—3y7)

s f,5.5)=(2)5) - (6)(5)=10-30= —20

The gradient of fat (5, 5) 1s:
Vflss) =159+ £,(55)) =10i-20

The derivative of fat (5, 5) in the direction 4 is therefore:

(Duf)|(5,5) - Vf|(5,5)‘u
4. 3
=10i-20j)| —i+—7
( ])(5 5])

— a0 2+ <03
_(10)(5j+( 20)(5j

40 60 —20

———=—=| _4

5 5 5
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H.W:
1. find the derivative of the function f(x, y,z) = xy + yz + zx ,at the point

P (1,-1,2) in the direction of 4 =3i+6, -2k

2. find the derivative of the function g(x, y,z)=3e" cos yz ,at the point
P (0,0,0) in the direction of 4 =2i+ j -2k

Algebra rules for gradients:

1. V(kf') = kVf (any number k)
2. V(f+g)=Vf+Vg
3.V(f-g)=V/-Vg

4. V(fg)= Vg +gVf

s v{f} _8V/—/Ve

o

8 g

S

Tangent planes and normal lines:
The tangent plane at the point P,(x,,y,,z,) on the level surface

f(x,y,z)=C of a differentiable function f is the plane through P, normal
to Vf | »
The normal line of the surface at P, is the line through P, parallel to Vf | »

The tangent plane and normal line have the following equation:

Tangent plane to f(x,y,z)=C at P (x,,y,,2,):
Jo ()X =x,)+ 1, (P )y =2,) + (P, )z =2,) =0

Normal line to f(x,v,z)=C at P(x,,y,.z,):
X = x(l' +f1(p() )’ ) .}) :.}/’(J +f1(pr))‘( ) = Z() +f_'(p(})t
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Example: find the tangent plane and normal line of the surface
f(x,y,2)=x>+y* +z-9=0 at the point P,(1,2,4)

Solution: the tangent plane is:

fe(p)x=x)+ f,(p )y =Y,)+ f.(p,)Nz=2,)=0

fngzg(xzwzﬂ—%:zx
fx (Po) - fx (1,2,4) = (2)(1) = 2
of 0
fyzéza("z”z”—%:zy
f,(B)=f,0,24)=2)2)=| 4
—g_i 2 2 _ .
fz_az_az(x +y +z 9)_1

f2(F)=f(1.24) =] 1

.. The tangent plane is:

2x—1)+4(y—2)+(z—4)=0

or
2x-24+4y—-8+z—-4=0
2x+4y+z-14=0
2x+4y+z=14

The normal line is:
x=x,+ [ (P V=Y, + [ (P z=2z,+ [.(p,)

ox=14+2¢ y=2+4t z=4+1
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Example: find the tangent plane and normal line of the surface
f(x,y,2)=x*>+y* +z* =3 at the point P, (1,1,])

Solution: the tangent plane is:

fe(p)x=x)+ f,(p )y =Y,)+ f.(p,)Nz=2,)=0

f. :%:%(x2+y2+zz):2x
f(B)=AL)=2)D)=| 2

0 0
f, =%=5(x2+y2+22)=2y
S B =1,ALD)=2)1) =] 2
fzzg—];:a—az(x2+y2+zz):2z

f:(B)=f.LLD) =)D =| 2

.. The tangent plane is:

2x =D +2(y=1)+2(z=1)=0

or

2x=242y—-2+2z-2=0
2x+2y+2z-6=0

2x+2y+2z=6

20x+y+z)=6 ——> x+y+z=3

The normal line 1s:
x=x,+ [ (Pt Y=Y, + [, ()t z=z,+[.(p,)t
ox=14+2¢ y=1+2¢ z=1+2¢

b 2

H.W: find the tangent plane and normal line of the surface
f(x,v,z)=x>+2xy—y* +z* =7 at the point P (1,-1,3)
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Tangent plane to a surface z = f(x,y) at (x,,v,, f(x,,7,)):
The tangent plane to the surface z = f(x, y) of a differentiable function
at the p01nt P{} (x() 3 .};i’) ? Z() ) - (x() ? v"() 2 f(x(l 2 })U )) 1S:

S Y )X =x,) + £,(x,, ¥, )y = ¥,) = (2 =2,) =0

Example: find the tangent plane to the surface z = xcos y — ye* at (0,0,0)

Solution: the tangent plane

fx(xo’yo)(x_xo)+fy(xo’yo)(y_yo)_(z_zo) =0

fx:g:i(xcosy—yex):cosy—yex
Oox Ox
fo(x,,35) = £:(0,0) = cos(0) — (0)(e”) =1-(0)(1) =| |
T 9 reos = ye) = —xsiny—e”
fy_ay ay(xcosy ye')=-—xsiny—e

[y (x,¥,) = 1,(0,0) = ~(0)5in(0) — e’ = (0)(0) ~1=| —]

.. The tangent plane is:

MEx=0)+(=DH(y-0)~(z-0)=0

(x-0)—(y-0)—(z-0)=0

or

Il
-

X—-y-—-z
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Example: find the tangent plane to the surface z = 4x* + y* at point
(L1,5)

Solution: the tangent plane is:

fx(xo’yo)(x_xo)+fy(xo’yo)(y_yo)_(z_zo) =0

LS 0 42
fx_@x_('?x(4x Ty =8
S (x5, ¥0) = (LD =(@)1) = 8
:6f_ 0

== (Ax*+yH) =2
Sy o 6y( y)=2y

Iy (3, ¥,) = f, (LD =(2)(1) =| 2

.. The tangent plane is:

8(x—1)+2(y=1)—(z=5)=0

or
8x—8+2y—-2—-z+5=0

8x+2y—z-5=0

8x+2y—-z=35

H.W: find the tangent plane to the surface z =./y — x at the point (1,2,1)
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Extreme values and saddle points:

Derivative test:

To find the local extreme values of a function of a single, we look for
points where the graph has a horizontal tangent line. At such points, we
then look for local maxima, local minima, and points of inflection. For a
function f(x,y) of two variables, we look for points where the surface

z = f(x,y) has a horizontal tangent plane. At such points, we then look for
local maxima, local minima, and saddle points (more about saddle points
in a moment). Local maxima correspond to mountain peak on the surface
z = f(x,y) and local minima correspond to valley bottoms. At such points
the tangent planes, when they exist are horizontal.

Local extreme are also called relative extreme.

Local maxima
(no greater value of fnearby)
/ |
L
b —

il
/
£
o

|

Local minimum — 2
(no smaller value
of fnearby)

Critical point: an interior point of the domain a function f(x,y) where
both f, and f, are zero or where one or both f, and f

do not exist is a critical point of f
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Saddle point: a differentiable function f(x,y) has a saddle point at
critical point (a,b) if in every open disk centered at (a,b) there are
domain points (x,y)where f(x,y) > f(a,b)and domain points (x,y)
where f(x,y) < f(a,b) the corresponding point (a,b, f(a,b)) on the
Surface z = f(x, y) is called a saddle point of the surface

Second derivative test for local extreme values:
Suppose that f(x, y) and its first and second partial derivative are

continuous throughout a disk centered at (a,b) and that:

f.=0 and f, =0 ——=> solve these equation to find the value of
(x,y)=(a,b) ==> (critical poini)

Then:
1.if f,<0and f, f,, — f, >0 at (a,b) => then f'has a local

maximum at (a,b)

2.if f,>0and f, f,, - fxy2> 0 at (a,b) => then f'has a local

minimum at (a,b)

3.if fi.f,, — [ <0Oat (a,b) ==> then fhas a saddle point at (a,b)

4.if f. [, — fxy2 =0 at (a,b) => then the test inconclusive at (a,b).

In this case we must find some other way to determine the behavior of f
at (a,b)

83



Example: find the extreme values of the function
fx,y)=xy—x*—y* =2x-2y+4

Solution:

fx:glzai(xy—xz—yz—2x—2y+4)= y—2x-12
X X

fy=Zi:§(xy—x2—y2_2x_2y+4)= x—=2y-2
4 4

f.=0 —> y—-2x-2=0

f=0 =—> x-2y-2=0 ——> Solve these equation to find
¥y = X — y — L=

(x,y) =>(a, b

x=-2 =>a=-2 " .
y=-2 => h=-2 ——> C(ritical point (-2,-2)

_&f o, _ 0 o
fxx_ax—z_ ( )_a(y_zx_z)_ 2

- fxx (_27_2) =l -2

2
812’ 0 (’3f) 5(x—2y—2)=—2
oy Oy oy

C fy(272) = -2

Sy =

2
I a(af)—a(y 2x-2)=1

S = oyox Oy Ox Oy

. fxy (_29_2) =1
Jxelyw = fxy2 =(-2)(-2)-(1)* =4-1=| 3

fu<0and f f, — fxy2 >(0 ==> .. f has alocal maximum at (-2,-2)

The value of f at this point is:

[(22-2) = (-2)(-2) = (-2)" = (-2)’ = (D(-2) - (2)(-2) + 4
=4—-4-4+4+4+4= 8§
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Example: find the local maxima, local minima, and saddle point of the

function
f(x,y)=x"+3xy+3y* —6x+3y—6
Solution:
fx:gzg(x2+3xy+3y2—6x+3y—6): 2x+3y -6
ox Ox
Sy = gl—ai(x +3xy+3y" —6x+3y—6)=| 3x+6y+3
y

f, =0 —> 2x+3y—-6=0

f =0 =—=> 3x+6y+3=0 ——> Solve these equation to find
y - =

(x,y) =>(a, b

x=15 = a=15 . _
y=-8 => b=-8 ——> C(ritical point (15,-8)

o°f 0 9, 0
. ——2 +3y—6)=2
S = N ax(ax) (2x+3y-6)=
£ (15-8)=| 2
o*'f 0 .0 d
Sy = f (f)——(3x+6y+3) 6
8y ay oy
o, (15,-8)=| 6
o’f o0 of, 0
= 2x+3y—6)=3
Lo ayax 8y 8x) ( X+3y-6)=
Sy (15,-8)= 3

falw=fo  =@O-(3)" =12-9=] 3
S>>0 and f.f, - fxy2 >(0 —==> .. f has alocal minimum at (15,-8)

The value of f at this point is:
S(15,-8) = (15)° + (3(15)(=8) + (3)(-8)” — (6)(15) + (3)(-8) - 6
=225-360+192-90-24-6=| —63
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H.W: find the local maxima, local minima, and saddle point of the
functions:

1. f(x,y)=x*+xy+y* +3x-3y+4
2. f(,y)=x>+xy+3x+2y+5
3. f(x,y)=2x"+3xy+4y* —5x+2y

4. f(x,y)=2xy—x>-2y* +3x+4

Lagrange multipliers:

Sometimes we need to find the extreme values of a function whose domain
1s constrained to lie within some particular subset of the plane — a disk, for
example a closed triangular region, or along a curve. The method of
Lagrange multipliers is a powerful method for finding extreme values of
constrained function.

The method of Lagrange multipliers:
Suppose that f(x,y,z) and g(x,y,z) are differentiable. To find the local

maximum and minimum values of f subject to the constraint g(x, y,z) =0,
find the values of x, v,z and A that simultanecously satisfy the equations:

Vf=AVg and g(x,y,2z)=0
Where A (Lagrange multiplier)

For function of two independent variables, the condition is similar, but
without the variable z.
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Example: find the greatest and smallest values that the function

f(x,y)=xy takes on the ellipse % + o=

2

2
Y

Solution: we want the extreme values of

f(x,y) = xy subject to the constraint

2

for which:

y2

X
X,y)=—+
g(x,y) s 5
we first find the value of x,y,and A

Vf =AVg

1=0,to do so,

1

-
to1

A

and  g(x,y)=0
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.. the gradient equation gives:
Yi+xj= z(§i+yj)

A .
y1+x]=2x1+/1y]

From which we find

A
=—X , x=A
Y 4 34
A A
e yzz(/ly) > y:Ty

Sothat y=0 or A =12
We now consider these two cases:

Casel: If y =0, then x =y =0, but the point (0,0) 1s not on the
ellipse, hence y # 0

Case2:If y#0,then A ==%2 and x =12y

Substituting this in the equation g(x, y) =0 gives:

+ 2 2
2y y" _,

8 2
4y2 yz_ 2 2 2 2 _ _
T.|_7_1 —=> 4y " +4y" =8 c=> 8y  =8c=y =1 =y ==l

The function f(x,y)=xy , therefore takes on its extreme values on the
ellipse at the four point (£2,1),(£2,-1).
The extreme values are xy =2 and xy = -2
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Example: find the maximum and minimum values of the function
f(x,y)=3x+4y on the circle xF+yt=1

Solution: we model this as a Lagrange multiplier problem with
f,y)=3x+4y , gxy)=x"+y" -1

and look for the values of x , y, and A that satisfy the equations:

Vf =AVg
Vf:%l#@]
ox 0Oy
o 0
—=—0Bx+4y)=3
ox 8x(x Y)
g:£(3x+4y):4
oy Oy
Vf=3i+4j
Vg—ﬁ—gi+a—g]
ox Oy
0g _ 0 2 o
—=—(x"+y -1 =2x
ox ﬁx( 4 )
§5:f102+y2—n:2y
dy 0Oy

Vg =2xi+2yj

3i+4j=A12xi+2yj)
3i+4j=2Axi+ 2y

g(x,y)=0 ——> x2+y2—1:0

&9
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2 2
(-3
24 A

A | 041624 e 254 e e e f

a1 4 2

Thus:

x=3:i 3 =

22 5
3]

2 4
Y 5

2
o
2
And f(x,y)=3x+4y has extreme values at the points:

(x,)) = {%9

| W

. : 3 4 :
By calculating the value of 3x+ 4y at the points + (g , Ej , we see that its

maximum and minimum values on the circle x* + y* =1 are :

3 412,16 25
of)-ofs)-3-8-3-

3 Ay 2 16 25
o el 4303

And
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Lagrange multipliers with two constraints:

Many problems require us to find the extreme values of a differentiable
function f(x,y,z) whose variables are subject to two constraints. If the
constraints are :

gl(xaysz):() and gZ(xaysz):O

g, and g, are differentiable with Vg, not parallel to Vg, , we find the

constrained local maxima and minima of f by introducing two Lagrange
multipliers 4 and .

That is, we locate the points P(x, y,z) where ftakes on its constrained
extreme values by finding the values of x , y, 4 and x that simultaneously
satisfy the equations
Vf =AVg + Vg,
g(%,,2)=0  g)(x,,2)=0

Example: the plane x + y+z =1 cuts the cylinder x* + y* =1 in an ellipse.
Find the points on the ellipse that lie closest to and farthest from the origin:

Solution:
We find the extreme values of
f(x,y,z)= X2+ y2 + 72 Cylinder x? + 32 = 1
gl(X,y,Z)ZXZ-i-yz—l:O ........ (1)
& (x,y,z2)=x+y+z-1=0 ........ (2)
f=AVg +uVg,
Vf _l +i @k | Plane
Gy 82 x+y+z=1
Zl = ai(x +y* +2z7)=2x - . _
X X

0 0

8]):_8_(x +y +Z) 2y

Z]; %(x + y +z ) 2z

91



Bl Frigl) [ claaly )

Vf =2xi+2yj+2zk

Vglzvgll-+vglj+vglk

ox oy 0z
gy _ 0, » 2
——=—("+y" -1)=2x
ox 8x( d )
%zi(x2+y2—l)=2y
d Oy

0g, 0, > 2
—= = +y°-1)=0
oz 82(x Y )

Vg, =2xi+2yj

Vo, =

5% Ty T e
og, O
—==—(x+y+z-1)=1
ox 6x(x yrz-l
ag—zzi(x+y+z—l):l
d oy

og, O
—===—((x+y+z-1)=1
oz 8z(x y+z-D

Vg, =i+j+k

2xi+2yj+2zk = AQRxi +2yj)+ u(i+ j+k)

2xi+2yj +2zk = Ax + p)i+ Ay + pn)j + pk
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2x =2 x+ u
2y:2ﬂ,y+lu ........ (3)
2z=p

2x=2Ax+2z —=> 2z=2x-2Ax ——=> z=x(1-1) @)
2y:2ﬂy+2z — 22:2)}-2/1)} . Z=y(1—/1)

Equation (4) are satisfied simultaneously if either
A=1 and z=0
or
z

(1-4)

A#1 and x=y=

If z=0 , then solving equations (1) and (2) simultaneously to find the
corresponding points on the ellipse gives the two points (1,0,0) and (0,1,0)

If x =y ,then equation (1) and (2) give:

2

X4yt -1=0 = 2P =]l => x'=— —=—=> . x=+%

1
2 2

2
xX+y+z=1 — z=1-2x —> zzliﬁ — z=1%+2

.. the corresponding points on the ellipse are:

d P(ff ﬂ

P, = 1[)

Have we need to be careful, however. Although P; and P, both give local
maxima of fon the ellipse, P, is farther from the origin than P, .
The points on the ellipse closest to the origin are (1,0,0) and (0,1,0).

The point on the ellipse farthest from the origin is P,
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